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Decay of Gorrelations in Spin Systems
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We investigate the decay of initial correlations in a spin system where each
spin relaxes independently by an intramolecular mechanism. The equation
of motion for the spin density matrix is assumed to be the Redfield equation,
which is of the form of a quantum mechanical master equation. Qur analysis
of this problem is based on the techniques of Shuler, Oppenheim, and co-
workers, who have studied the decay of correlations in systems which can be
described by classical stochastic master equations. We find that the off-
diagonal elements of the reduced spin density matrices approach their
equilibrium values faster than the diagonal elements. The Ursell functions,
which are a measure of the correlations in the system, decay to their zero
equilibrium values faster than the spin density matrix except for the furthest
off-diagonal elements. Far off-diagonal matrix elements of the spin density
matrix approach equilibrium at the same rate as the Ursell functions, which
is the important difference between the quantum mechanical model studied
here and the classical models studied earlier.

KEY WORDS: Spin correlations; dynamics of correlations; Redfield equa-
tion; quantum mechanical master equation.

1. INTRODUCTION

The problem of the decay of initial correlations in transport theory has re-
ceived relatively little attention. An important exception is the work of Shuler,
Oppenheim, and co-workers,*=® who have considered the relaxation of
initial correlations in a number of model systems which can be treated ana-
lytically in complete detail. Our purpose here is to apply the techniques of
these workers to spin relaxation. We investigate the decay of initial correla-
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tions in an N-spin system under conditions where the spins relax indepen-
dently, by intramolecular coupling to a heat bath. The equation of motion we
adopt for the N-spin density matrix is the Redfield equation,¥ which is
known to give an excellent description of spin relaxation in fluid systems.

The model we study is of interest because it describes the relaxation of a
quantum mechanical system in weak interaction with a bath. In contrast, the
models previously studied®—® deal with classical systems which can be
characterized in terms of probabilities. The problem of spin relaxation is one
of many examples where one encounters a so-called quantum mechanical
master equation. This equation describes the time evolution of the elements
of the density matrix by coupled first-order differential equations with con-
stant, perhaps complex, coefficients. Although we shall use the language of
spin relaxation, our results are applicable to a wide class of relaxation pro-
blems. Comparison of the results obtained here with the earlier work®
indicates the difference to be expected in the decay of correlations in classical
and quantom systems.

2. THE REDFIELD EQUATION FOR NONINTERACTING SPINS

The system we consider consists of N spins weakly coupled to a large heat
bath. The Hamiltonian for the system can be written

H=H,+H +H =Hy+ H (1)

where H, is the Hamiltonian for the spin subsystem, H is the bath Hamilto-
nian, and A’ is the interaction between the spins and the bath responsible for
the relaxation.

The spin density matrix is assumed to satisfy the Redfield equation:

@) o) o) = —iwgyCa| o) &> + ). Ruwpar{B | o(®)I B> (2)
8B”

In Eqg. (2), o is the spin density matrix of the N-spin subsystem; | o), | B, etc.
are spin states; w,, = (E, — E,)/#, where E, is the energy of the spin state
Fay; and R, g is a tetradic usually referred to as the “relaxation matrix.”
Here and in the following, we compress the notation by denoting
o = (oyq ,..., ay) and B = (B ,..., By), where «; or 3; designate the substates
of the ith spin.

The Redfield equation can be simplified by transforming to the inter-
action representation. The spin density matrix in the interaction representa-
tion ¢* is defined by

G*(t) — e(i/ii)HOtO_(t) e—(i/ﬁ)Hnt (3)
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The Redfield equation for o*(¢) is

(0ot} e | o¥(t)] o> = ) {expli(wue’ — wee)t]} Rurser{B| ¥ ()| B> (&)
BB’
In almost all cases of physical interest, the elements of R vanish unless there
is energy conservation. We may quite generally assume that

Ram’BB' =0 if Wgg’ # Wy’ (5)

so that the sum in Eq. (4) is effectively restricted to those states for which
Wep = Wy, . With this assumption, Eq. (4) may be expressed in operator
form as

do*(1)]ot = R : o*(t) (6)

The restriction to energy-conserving transitions, expressed in Eq. (5), may be
relaxed, but for simplicity, we shall not consider this case here.

In matrix form, the operator equation (6) resembles a master equation
generalized to matrices, but the tetradic R is not a transition matrix. The
terms of type R,,ps can be interpreted as transition rates, but the terms of
type R,.gs » Where o = o or B = B, cannot be so interpreted and need not
be real.

The relaxation matrix has the following important properties:

z RacaBB' =0 (7)
R:¢%t =0 (8)
where ¢®4 is the equilibrium spin density matrix:

oo’

<OL l O_eq ‘, Oc’l> - oeq — 8{”, e~ﬁwa/7cT/Z e—ﬁwﬁ/kT (9)
8

Also note that
Tr'M o*(t) = 1 (10)

Reduced spin density matrices can be defined by

Cog = g | o) o'+ o’
= z --'Z<(x1"'aN|0’*(lN 'y gy N (1D
Cpil aN

or in operator form,

afiy(®) = TtV o*(r) (12)
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where ofy,(¢) is the reduced n-spin spin density matrix (in the interaction re-

presentation).
The following properties follow directly from the definition of the

reduced spin density matrices (11) and (10):
T Y S e o | (0] o 0
= oy @ A | 0] o o ofgay e
for j=1,.,n (13)
T o)1) = 1 (14)

A reduced spin density matrix which is not a product of one-particle
matrices is said to be correlated. The reduced spin density matrix is uncorre-
lated if it can be written as the product of one-particle density matrices. The
degree of correlation is conveniently studied by means of the Ursell (or
correlation) functions, which are defined in analogy to those of Ref. 1 as

uGn(t) = o], (15)

where ['--], denotes the “connected average.” Ursell functions (here really
Ursell operators) have the following properties*:

(1 uf,(t) = 0if any subset containing m of the n-spins is uncorrelated
with the remaining n-m spins,
() upy =0, n=2, since o =][]o5" (16)
=1
(3) Z 80‘:'061/<a1 ) l u(t)(t)‘ O‘1, 06n’> = 0: n 2 27j = 19 25-'-5 n
(17)

OLle_//'

Since u;,(¢) is non-zero only if correlations exist between all 7 spins, the
Ursell functions are a measure of the correlations in the spin system.

We now make the further assumption that the spins do not interact with

each other, but only with the bath. Then, the relaxation tetradic R is a sum

of single-spin terms

N N

Roves = z (Ri)uiui'BiBi' n Sajejgai’s,-' (18)
i=1 j=1.
j#1

where a = (& ,..., ay), €tc., and R, is the relaxation tetradic for the ith spin.
The single-spin relaxation tetradic has properties analogous to Egs. (5), (7),
and (8).
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With this assumption, the reduced spin density matrices satisfy reduced

Redfield equations

(a/at)<°‘(n) I G?;z)(t)l O‘;n)> = Z Z (Ri)a,-zxi'BiBi'

BimBim =1

X T 848,848, B | o8] Biw>
j=1

i#i

Here, as before, we compress the notation by denoting a(,) = (a4 ,..

By = (B1 ..., Bn), etc.

The Ursell functions satisfy the same equation®:

n

(a/at)<a(n) | uzz)(t)l Oé’(n)> = Z Z (Ri)aiai'ﬁiﬁi/

B m8im =1
7 0
X H Sajﬁjgmj'l%j'</3(n) | uf;)(t); Bz’n)>
b
The two equations may be written in operator form as
£

(2/01)o (1) = R : ou(t)
(@fo)ue(t) = Rey : uGy(?)

where

k43 n

[R(n)]am)a;mﬁ(ma[n) - 21 (Ri)aiai'ﬁiﬁi' H Sa,»sjga,-’e,-’
{= Je=1
IED

3. EIGENVALUE ANALYSIS OF THE RELAXATION
OF 0,y(t) AND uf;,()

We may solve Egs. (21) and (22) formally to obtain

n
ol (t) = ™" 1 afy(0) = [T e : o{y(0)
i=1

n
uy(t) = X% uy(0) = [T € : u)(0)
i=1

(19)

4] O‘n)s

(20)

2y
(22)

(23)

24

25



150 Joanna I. Scott and J. M. Deutch

Note that since the propagator e®»? factors, it is only necessary to consider
the single-particle equation

a1 ¥(1) = ¢"'o1%(0) (26)

in order to solve the general equations (24) and (25). Furthermore, if the
initial spin density matrix were uncorrelated, the complete spin relaxation
would be described by single-particle equations of the form of Eq. (26).

The relaxation of the single spin density matrix is conveniently described
in terms of the eigenmatrices of the tetradic R,. Let {4;} and {B;} be, respec-
tively, the sets of right and left eigenmatrices of R, with eigenvalues {A,;}; then

BZB:, R;1m1'8181'<61 | A4; | 51,> = /\j<0‘1 1 Aj | o> (27)
Y. Loyl Byl o> Rapypey = A<Bu | By | B> (28)

Qy0y

or in operator form
Rl : Aj = AJ’A]' (27a)
B;: R, = \;B, (28a)

For energy conserving transitions it can be shown that the property of
“detailed balance,”

— kT R*
Roper = e ap/*TRogr

is satisfied, from which it follows that the A; are real and nonpositive. Further,
the eigenmatrices can be made “orthonormal” in the following sense:

Biidy = ) Loq| Byl oy >oy [ Ay > = 8 29)

It follows from Egs. (7) and (8) that
4y = o7 (30)
By = I (identity) 31

where we have arbitrarily designated the right- and left-hand eigenmatrices
corresponding to zero eigenvalue as 4, and B, , respectively. If it is assumed
that there is only one equilbrium density matrix, then the eigenvalues can be
arranged so that

)\0 =0 > }\1 = Az == A45(34—1) (32)

where s is the spin of the particle.
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The sets of eigenmatrices are complete, so if we use Eq. (29), o;*(¢) can
be expanded as

o *(t) = 3 [B; 1 oy ¥(1)] 4; (33)

7

From Egs. (26) and (28), it follows that

o *(6) = Y [B;: " 1 oy M0)] 4, = 3 €V'[B; 1 03 %(0)] 4, (34)

J

If we express Eqgs. (26) and (34) in terms of matrix elements and compare
them, we find that the propagator e®* has matrix elements:

(eth)mlml'Bll?l' = Z oy | A; | 0‘1'><B1 | B; | 511> e’ (35)

7

The term with A = 0 may be separated out, so that

(eth)alal’BI/sl’ = 85181"75341’ + Z oy | A5 [ o>y | By | )81’> e’ (36)

i>0

where we have used Eqs. (30) and (31). Since o is diagonal, Eq. (36) takes
the form

(eth)%O‘l’BlBl' = 8011041'8’3131'0-51(;0[‘1 + (]5“10‘115131/(1‘) (37)
with
Pagar 8y, (1) = Z Cog | Ay | >By | By | By € (38)

i>0
The function ¢(¢) asymptotically behaves as
Paroy oy () ~ et 0 as 1t © (39)
Here, Amax is the largest nonzero eigenvalue for which
Con | Ay | o>y | B | By'> # 0

The particular eigenvalue may depend on oy, o', 81, By’
If all the spins are identical, we can substitute Eq. (37) in Eq. (24) and
obtain (in terms of matrix elements)

Co v+ o | oty (O] s’ -+ )

= Z H [Saimi'SBiBilgsi%i + ¢aiui’ﬁi3i’(t)]<ﬁl o Bn I O-(T'L)(t)[ Bll Bn/>
8y+eB, =1 (40)

By By,
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We now expand the product and use Equations (13) and (14) to obtain

n
Lo [ ’ ! e
<Oé1 o, \ g?’ﬂ)(;‘)z o o¢”> — n 3%%/0043‘1
=1

I
ROl

s

Suiui'o;—%i B;, Puyoy 5,8, (B | 0,5(0)] B>

+ H 8%%/0;‘%{
j=1 k=1 =1
iFk i#idi#ER
X P88, () Pugar 5,8 (BB | o (O)] By B>
e
R Z H ¢aiai'3¢81'(t)<ﬁl Bn \ O'(tb)(o)l Bll ﬁn(>
By'*8, =1
,31}...3”/ (41)

This is the exact solution for o(;,(¢), but we are interested in the asympto-
tic behavior. Since the ¢(f) go to zero asymptotically, the asymptotic be-
havior of ¢f,(t) is governed by the first nonzero term on the right-hand side
of Eq. (41). Note that the first term contains a product of n — 1 Kronecker
deltas and will be zero if more than one «; = «;’; the second term contains a
product of n — 2 Kronecker deltas and will be zero if more than two o, #
etc. Hence for the diagonal elements, the asymptotic behavior is?

G+ | )] 3y s> — [] 22,
i=1
Ufg‘i Z ¢ajajsj3j’<ﬁj | a;*(0)] By">
1 88y
~ (1) (42)

For the off-diagonal elements, assume that m of the «; , say «; ,..., «,, , have
o; 5= o, while o; = «, for the remaining n — m spins; then, the asymptotic
behavior is

n

n
~ Z
J=1

S,

* 7 7
<O‘1 Tt Oy U(n)(t)g Gy O‘n>

n

~ Y T [T e OB B | ol O) B B

i=m+1 By By, =1
B]I- -.Bm’

~ (1) (43)

2 There are pathological cases where the of,, (0) are chosen so that all the sums in Egs.
(42) or (43) are zero and the relaxation is of higher order.
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The behavior of the Ursell function is obtained in the same manner from
Egs. (25) and (37),

B3 ’ ’
Cag [ (O] o' >

= z H o zBl ;11 -+ ¢°¢i<¥i'5«:3i'(t)]<ﬂ1 B'ﬂ | u(ﬁz)(o)l 181/ /Bn,>

By0By =1
1,.-.371,

Scz.bu O-egcz Z H 8Biﬁ‘i/<ﬁl ﬁ’n i uf';)(O)[ ,81/ ﬁn’>

Bl-"B'IL i=1
1/...37/

!
—

s
I
-

]_—_[ g0 ococ Z ¢uc¢ Bﬂj(t)

uMs

e,
o, b

X 2 H Bg,,, By B | ul(O)] B -+ Bu'>

By BJ 184178, =1
‘s B ...p T
1 1 ]_;..1 n

-+ Z ﬁ ¢aiai'6i6i/(t)<ﬁl ﬁn I u?fn)(o)i ﬂll Bn/> (44)

8,8, i=1

But by the sum rule given in Eq. (17), all the sums except the last are zero,
hence

(GO l u(il)(t)[ O‘51' ‘xnl>

= 2 H Pas .8, OBy Bu | (O] By -+ B> (45)

By By =1
PRI
so that
(o o o | ulp(O)] o =+ 0,”> ~ (1) (46)

In summary we find the asymptotic behavior of this model to be as follows:
oy =+ oty | o (O)] oy + ) —> H Ouw; 38 $(1) (47)

oy =ty | U(#:L)(t)[ oy’ ey >0 as ¢m(t) (48)
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where m is the number of spins 7 for which a; 7 o, 1 < m < n;

oy oot L uly(8) o e > — 0 as  ¢*(t) (49)
for both diagonal and off-diagonal elements.

The off-diagonal elements of the spin density matrix decay faster than the
diagonal elements and decay increasingly rapidly the further off-diagonal the
element is. The Ursell functions decay faster than the spin density matrix,
except for the furthest off-diagonal elements, for which the rates are the same.

The diagonal and first off-diagonal elements (m = 1) both decay
asymptotically as ¢(¢), but since different matrix elements of ¢(r) are

involved, the actual rates may be different.

4. EXAMPLE

We consider here a simple system of noninteracting spin-1/2 particles
which illustrates all the features of the general case discussed in the last
section. We assume that the interaction between a single spin and the bath
has the form

H =FS,+FS, +FS_ (50)
where the S, are spin operators and the F, are lattice operators, with
Fi = ¥(F, TiF,) (51)

The elements of the one-spin relaxation matrix R, o pp, caN be cal-
culated explicitly in terms of the F, as®¥

R,
B 3 —% 3 —%
R ~}
G &
% % —2a 2ua 0 0
- —3% 2a —2pa 0 0
3 0 0 —b—(+pa 0
—% 1 Y 0 0 —b—(1+ wa
(52)
In Eq. (52),
= e~ Nw/kT (53)
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where w is the Larmor frequency for the spins,
a= | : dt e F (1> (54)
b~ [ ar<rEWmy (59)

In Egs. (54) and (55), the lattice correlations are considered real and even
functions of time; <--->, denotes an average over the lattice variables. The
quantities @ and b are real and nonpegative.

The four eigenvalues of R, are

=0, MN=-20-+wa A=>=-—b—(1+ma (56

The eigenvalues are all real and nonpositive. The order is arbitrary since there
is no a priori way to decide whether A; or A, is the larger. However, for a
model of isotropic, exponential relaxation of the lattice operators, with
correlation time 7,

a=¥F o)l + o) b= (Fr (57

sothatb > 2agand hence | A, | = | A, | .
A complete set of eigenmatrices for R, is

a=na et ) B=() )
1 0 1 0
Ay =1+ i, ) &zg_Q
0 1 01 ©8)
Az:(o 0) Bz:(o 0)
0 0 00
4= (7 o Ba=(; o
We may now use Eq. (38) to obtain the elements of ¢(¢):
b1s212.1700020) = [1/(1 4+ @] et
P11 /3,172, -172(t) = [—p/(1 + w)] '
b_1/2,-1/2,12072() = —[1/(1 + w)] et (59)

bo1/2.1/2-172,-172(8) = [/(1 + w)] ™
¢1/2,—1/2,1/2,—1/2(I) = "'

b1smasm1oanlt) = €% =
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For our purposes, the basic result is that

At

e if o = o
¢a1m1'6181'(t) ~ e)\zt if Oéi 7+_ Oti, (60)
if B, and B, are such that ¢(¢) does not vanish.
The asymptotic behavior of the diagonal elements of the spin density
matrix is given by Eq. (42). Only eclements d)aiaifgiﬂi«(t) for which o; = o
appear, and hence

n
g = oty | 0y o - oy — [ oggy, ~ & (61)
i=1

The off-diagonal elements of of%,(¢) have asymptotic behavior given by
Eq. (43). The elements ¢aiui’6i8i'(t) which appear here all have «; £ o', and
hence

Cog =g Lofp()] 0" o > ~ ™ (62)

where m is the number of spins i for which o; # o', 1 <m < n
The time behavior of the Ursell functions is given by Eq. (45) for both
diagonal and off-diagonal elements. We find that

oyt ot Lt* O o’ "'O‘n, Nem)\gte('n»—m))tlt 63
1 (n) 1

where m is the number of spins i for which «; # o/, 0 < m < n.

The Ursell functions decay faster than the spin density matrix except for
the furthest off-diagonal element (m = n), where both decay as e,

The diagonal and first off-diagonal (2 = 1) elements of the density
matrix decay as e’ and e, respectively. For a model of isotropic, exponen-
tial decay of the lattice operators, | A, | > | A; |, and hence all the off-diagonal
elements decay faster than the diagonal elements.

5. CONCLUDING REMARKS

In the quantum mechanical model of spin relaxation considered here,
one must be concerned with both diagonal and off-diagonal elements of the
system density matrix. We have shown that, in general, the off-diagonal
elements of the reduced spin density matrix approach equilibrium much
faster than the diagonal elements. We have also shown that the initial corre-
lations, as measured by Ursell functions, go to zero more rapidly with time
than the reduced spin density matrix approaches its equilibriam value. For the
diagonal elements, our results agree exactly with those found by Oppenheim
et al.'V for the classical probability master equation model. The essential
modification in the quantum mechanical case arises in consideration of the off-
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diagonal elements of the density matrix, which decay to their zero equilibrium
value at a variable asymptotic rate depending on the location relative to the
diagonal. At the extreme, the off-diagonal element will decay as rapidly as the
initial correlation. These results may be expected to hold for all systems
where the particles relax independently, and where the relaxation is ade-
quately described by a quantum mechanical master equation.

It would be interesting to extend our considerations to quantum me-
chanical systems where there are intermolecular interactions between spins
as well as interaction with a lattice.® Traditionally, the case of intermolecular
relaxation of spins in fluid systems had been handled on the basis of a two-
spin density matrix.® The reduction of the N-spin Redfield equation (2) to a
two-spin Redfield equation when intermolecular interactions are present has
not been rigorously accomplished, to our knowledge. The treatment of such
a case would require an analysis of the decay of initial correlations similar
to that undertaken here. Qur results suggest that difficulties may arise in
treating the furthest off-diagonal elements of the two-spin reduced density
matrix.

One may raise the question about the practical possibility of measuring
the decay of correlations in actual NMR experiments. In general, we do not
believe that this is possible, because, to an excellent degree of approximation,
the initial nonequilibrium states established in experiments are not correlated.
For example, the famous 90° pulse instantaneously rotates the equilibrium
z component of the magnetization into the x, y phase. Thus the initial non-
equilibrium density matrix is

a(0) = exp(ByHoM,) = [] exp(BweST) = [] 0:0) (64)

=1 =1

which is of the form of an uncorrelated initial condition.
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3 Techniques recently introduced by Bedeaux et al.’® may profitably be used to investigate
this question.



